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Fig. 2 Effect of
cavity flow on the
decay coefficient of
submerged nozzle
configuration of Ref.
3.
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upon the nozzle decay coefficient AN. However, for a given
cavity depth, it can be observed that the nozzle decay coef-
ficient AN depends upon the cavity Mach number Ms, and
hence upon the cavity flow rate. To illustrate this dependence,
the magnitude of AN for the submerged nozzle configuration
studied in Ref. 3 has been computed and the data are pre-
sented in Fig. 2. Also presented in .this figure is the percent
reduction in the value of AN with increase in cavity flow when
compared with no cavity flow in the test configuration. An
examination of this figure indicates that, for example, when
the cavity-to-chamber flow rate ratio is increased from 0 to
15%, a 10% reduction in AN is observed. Suppose a given
rocket motor, when using the nozzle under consideration
without submergence was found to be marginally stable, then
submerging this nozzle into the rocket combustor would un-
doubtedly result in a transition from stability to instability,
due to the reduction in the effective nozzle damping.

The main conclusion that follows from this study on sub-
merged nozzles is that the presence of the "reverse" cavity
flow reduces the effective nozzle damping. This reduction in
the damping capability of the nozzle offers one possible ex-
planation to the observed2 decrease in the stability of an ex-
perimental solid rocket motor when the nozzle was submerged
into the combustor.
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Solution Bounds to Structural Systems
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I. Introduction
11 HE theory of differential and integral inequalities
provides a method of constructing bounds to the solution
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for a wide range of engineering problems. The texts of
Walter, * Protter and Weinberger,2 and Lakshmikantham and
Leela3 summarize the major theorems and contain numerous
references. In theory it is possible to construct both upper and
lower bounds to the solution for certain classes of partial dif-
ferential equations and to systems of ordinary differential and
integral equations. In practice it is not a simple matter to con-
struct such bounds.

In the present Note a procedure is sought which directly
yields such bounds for an arbitrary system of variable coef-
ficient linear differential equations, such that upper and lower
bounds agree to a prescribed number of digits. An efficient
means of refining these bounds is then required. To illustrate
the procedures which are developed, bounds on the buckling
load and the buckling shape of a varying geometry column
will be obtained.

The theory of differential and integral inequalities applies
primarily to initial value problems. Since the transfer matrix
method, which has been applied to a variety of engineering
problems,4"6 converts a two point boundary value problem to
an initial value problem, the inequality theorems directly ap-
ply to linear structures with varying geometry. The inequality
theorems have not been developed sufficiently to allow the
construction of bounds to two point nonlinear boundary
value problems except for special classes of problems.

It is evident from the literature that few engineering ap-
plications of the inequality theorems have been carried out.
This is partially due to a lack of direct procedures for con-
structing such bounds. Also, one may suspect that the extra
computational effort involved in producing such bounds does
not justify the convenience of having such bounds. Actually,
the generation of bounds can lead to computational ef-
ficiency, which is obtained by using limited accuracy in-
termediate computations. The accuracy of the final com-
putation can be judged by the number of places of agreement
of the upper and lower bounds of that solution.

Some applications of the theory of inequalities to boun-
dary-layer flow,7"8 flow of viscous fluid in a narrow slit,9 and
heat conduction,10 have been accomplished. In general, high
precision in the results was not demonstrated. In more recent
articles11'12 quite accurate bounds have been obtained by
using differential inequalities. Reference 11 computed upper
and lower bounds to the response of a nonlinear single degree-
of-freedom system which gave good agreement of the bounds
(7 or more digits) over the range of computation. This ap-
proach does require considerable computation to obtain the
required bounds. Reference 12 avoids this difficulty for a
specialized system of differential equations associated with
the analysis of beams with varying geometry. Rough
analytical bounds were improved by Picard iteration to obtain
good agreement (4 or 5 digits) between the upper and lower
bounds for the required transfer matrix elements. Both upper
and lower bounds on the transfer matrix were computed in
less time than required for a standard Runge-Kutta procedure
to obtain a numerical transfer matrix. Bounds on the solution
state vector were also in agreement to 3 or 4 places. We hope
to demonstrate the same computational efficiency in ob-
taining bounds for a more general system of equations con-
sidered following.

II. Application of Differential Inequalities

Consider a variable coefficient linear differential equation
of the type*

(1)

(2)with initial conditions [T(0)]=[I]

The desired solution to the previous equation is the transfer
matrix [T(x)]. [T(x)] exists and is unique if the elements of

are piecewise continuous and bounded. The elements



112 AIAA JOURNAL VOL. 14, NO. 1

of [A (x) ] in the present general case contain both positive and
negative elements. For example, the [^4(jc)] matrix for a
column allowed to buckle about one axis is given by

" 0

0

0

0

1
0

-P
0

0

b(x)

0

0

0

0

1

0

(3)

where b(x) = l/EI(x)
P is the compressive loading and EI(x) is the varying

geometry section property. Let [A(x)] be separated into the
difference of 2 matrices [ B ( x ) ] - [ C ( x ) ] where [C(x)] con-
tains the magnitude of all negative elements of [A (x)] except
for negative diagonal elements. The matrix [B(x)] contains
all positive terms of [A (x)] and the negative diagonal terms.
We then denote [f(x)] and [f(x)] as the desired upper and
lower bounds to [r(Ar)].^According to Ref. 1, the necessary
conditions under which [f(x)]> [T(x)]> [T(x)] holds in the
interval 0 < x < fare

d / d x [ f ( x ) ] > [ B ( x ) ] [ f ( x ) ] - [ C ( x ) ] [ f ( x ) ]

d / d x [ T ( x ) ] < [ B ( x ) ] [ f ( x ) ] - [ C ( x ) ] [ f ( x ) }

(4)

(5)

and

(6)

Inequality can also be allowed in Eq. (6) but better bounds are
obtained if equality is required. Multiplying Eq. (5) by -1
reverses the sense of that inequality and allows us to write

d
~dx

with

f(x) -] T B(x) C(x) ~\ r T(x)
> -

-f(x) ] [_ C(x) B(x) JL ~T(x) _

f(o) n r /
-no J ~ L -/

To avoid the problem of negative initial conditions we solve

B(x)

(7)

d[R(x)]
dx

C(x) 1 ^
[R(x)] with (R(0)] = [I]

C(x) B(x) J

(8)

(9)

d
~dx

Multiplying Eq. (4) by - 1 we can also form

[R(x)]with[R(0)] = [

The bounds [R (x) ] and [R (x) ] are required in order to ob-
tain [f] and [?]. Since [D(x)] can have negative elements
only on the diagonal it can be shown that [R(x)'] contains
only positive elements. This can be shown by representing the
solution [R (x) ] in terms of the matrizant of [D (x) ] .

The procedures for obtaining a rough bound on [R (x)] is to
choose the maximum value of all elements in [D(x)] to form a
constant coefficient matrix [D]. The solution to

=(D] [R(x)] with [R(0)] = [ (10)

provides an equation with constant coefficients that can be
readily solved and by inserting Eq. (10) into Eq. (8) satisfies
the desired inequality.

A lower bound is obtained by solving
d[R(x)]

dx = [D] [ R ( x ) ] w i t h [ R ( 0 ) ] = [ (11)

where [D] contains minimum values of [D(x)] in the given in-
terval. [R (x)] then satisfies Eq. (9).

To improve the bound [R(x) ] a Picard iteration procedure
is used

= \X[D(x)]
Jo (12)

Due to properties of [D(x)] it is easily shown that [Rj (x)] is
also an upper bound to [R(x)]. By differential inequalities it
can be shown that [Rj (x)] is a lower bound to [R(x)] thus it
is a better bound. Further iterations improves the bound to a
desired accuracy. The lower bound [R (x)] can be iterated to a
desired accuracy by this procedure. Computation efficiency
results if the original bound and the subsequent iterations can
be obtained in algebraic form and evaluated numerically as a
final operation.

The recovery of [7] and [7] follows the rules for the matrix
multiplication of bounds is known. Suppose upper and lower
bounds on matrices [A] and [B] are known where

(13)

The terms [A + ] and [A — ] for example contain respectively
the magnitudes of the positive and negative elements of [A].
An upper bound matrix [C] where [C] = [A] [B] is given by

-]-(A-] [B + ] (14)

The lower bound [C] is obtained by interchanging " and ~ in
Eqs. (14). It then follows from Eqs. (7) and (14) and the fact
that all elements of [R] are positive that

(15)

where [R] has been partitioned into 4 matrices [/?//],
[R21], [R22] of half the dimension of [R]. We now have the up-
per and lower bounds for the transfer matrix elements for a
general system of linear differential equations. These bounds
can be further improved by additional Picard iterations
before using Eq. (15). In Sec. Ill we will apply the bounds on
the transfer matrix to the determination of bounds on the
buckling load and buckling shape of varying geometry
columns.

III. Bounds for Column Buckling
To obtain bounds on the buckling load of a varying

geometry column, upper and lower bounds on the transfer
matrix for that beam are required. Starting with the [A (x)]
matrix in Eq. (3) the [B(x)] and [C(x)] matrices of Eq. (4)
are obtained. One can then proceed to Eq. (10) where the
maximum value of b(x), i.e. b, in^the given interval is in-
serted in [D\. The eigenvalues^ of [D] are^ easily found to be
^1,2,3,4 = 0, X5j6 = ± (pb)l/2, \7t8 = ±i(pb)1/2. The solution
which is upper bound, i.e., [R(x)], is then easily obtained.
Setting b(x) to its minimum value, i.e. b one can then solve
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for [ R ( x ) ] . One procedure for obtaining a better bound on
[R(x)] is to divide the beam into TV segments and find £,
and BI and the corresponding [#,(*)] and [ jR/( jc)] for
/=1,2,..JV. According to the rules for obtaining bounds on
matrix products the upper and lower bound [R] matrices for
the entire beam [R*] and [R*] are given by

(16)

The simple form of Eq. (16) results from the fact that all
quantities are positive.

A more efficient procedure for improving the bounds is to
Picard iterate the initial bounds one or more times using Eq.
(12). This iteration can be carried out for the entire length of
beam or in segments of the beam and then use Eqs. (16) if the
upper and lower bounds are to agree to several places. Again
using Eq. (15) the transfer matrix bounds are obtained.

Application of the transfer matrix method to determine the
buckling load of a cantilever column is straightforward. The
boundary conditions for this column are W(0)=\l/(0)=0
and M(i) = V(t) =0 where - W, t, M, Fare elements of the
usual state vector4 for the transfer matrix analysis of beam-
columns. When one applies the previous boundary con-
ditions, buckling is defined by t33(P)=0 where P is the
buckling load. Since only bounds on the transfer matrix
elements are known, the ugper^and lower bounds on the first
buckling load are given by t33 (P) =0 and t33 (P) — 0.

In Table 1, 3 different means of computing bounds on the
first buckling load of a varying geometry column are com-
pared. The parameter b ( x ) was assumed to vary as b(x) =
bjx + b2 in this and following tables. One can see from the
table that dividing the column into 10 segments yields slightly
better bounds on the buckling load than Picard iterating a
rough bound twice over the entire length of the column. A
combination of iteration and segmenting yields close bounds
on a double precision Runge-Kutta solution for the buckling
load.
Bounds on the buckling load of a cantilever column as a
function of length is given in Table 2. It is evident that the
closeness of the bounds is approximately constant for the
range of lengths investigated. Bounds on the buckling load
agree to 3 digits whereas the transfer matrix bounds from
which they were obtained agreed in general to 4 places.

In Table 3 upper and lower bounds on the buckled shape of
the column discussed in Table 1 are presented. A unit
deflection is assumed at the free end of the cantilever column
for the unknown exact solution. Expressions for bounds on
the deflected shape are obtained by using the rules for the
division of bounds such that

(17)

Table 1 Buckling loads f = 50.0 in., bj = —lO-VS (Ib-in.3)'1,

since tI3 (x) is positive in 0<

IV. Discussion
A direct procedure for the construction of both upper and

lower bounds to the solution of an arbitrary system of
variable coefficient differential equations has been obtained.
Picard iteration is used to further improve both upper and
lower bounds independently. As an illustration, bounds on
the buckling load and buckled shape of varying geometry can-
tilever column were obtained. A linear variation of b(x) was
used in this illustration since many types of b (x) can be ap-
proximated by linear variations in a given segment of the
column. If this linear approximation is an upper bound to the
actual b (x) then an upper bound to {R(x)] is assured in this

10 segments,
no iterations

Ub.
37.290

Lb
32.764

1 segment,
2 iterations

Ub.
36.450

Lb.
31.200

10 segments, Runge-Kutta
2 iterations solution

Ub.
34.733

Lb.
34.717

Lb.
34.725

Table 2 Buckling loads bj = 10'6/3 (Ib-in.3)'1,

Length
in.

30.0
40.0
50.0
60.0
70.0

10 Sections — 2 Iterations
Upper Runge-Kutta

bound Lb. solution Lb.
90.264
52.488
34.733
24.966
19.048

90.255
52.481
34.725
24.960
19.044

Lower
bound Lb.

90.240
52.469
34.717
24.952
19.036

Table 3 Mode shape f = 50.0 in., a = 10'6/3 (Ib-in.3)'1,

Station
in.
0.0

10.0
20.0
30.0
40.0
50.0

Upper
bound

0.000000
0.055444
0.208668
0.435008
0.707344
1.000490

Runge-Kutta
solution
0.000000
0.055425
0.208590
0.434833
0.707033
1.000000

Lower
bound

0.000000
0.055406
0.208515
0.434662
0.706725
0.999510

segment. A corresponding lower bound to [R (x)] is obtained
from a linear approximation to b (x) which is its lower bound.
The efficiency of the present approach depends upon the
Picard iteration to obtain close bounds without excessive
computations. The advantage of the present approach is that
limited accuracy intermediate computations can be used with
confidence since upper and lower bounds on the final result
are obtained.
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